Let G be a finite group and X a conjugacy class of G. We denote rank(G : X) to be the minimum number of elements of X generating G. In the present article, we determine the ranks for two sporadic simple groups, namely the O'Nan sporadic simple group O'N and the Lyons sporadic simple group, Ly. Computations were carried with the aid of the computer algebra system GAP [The GAP Group, GAP-Groups, Algorithms and Programming, Version 4.3, Aachen, St Andrews, 2003, http://www.gap-system.org ].
Introduction and preliminaries
There has recently been some interest in the generation of simple groups by their conjugate involutions. It is well known that sporadic simple groups are generated by three conjugate involutions (see [10] ). If a group G = a, b is perfect and a 2 = b 3 = 1 then clearly G is generated by three conjugate involutions a, a b and a b 2 (see [12, p. 221] ). Moori [22] proved that the Fischer group F i 22 can be generated by three conjugate involutions. The work of Liebeck and Shalev [18] shows that all but finitely many classical groups can be generated by three involutions. However, the problem of finding simple classical groups which can be generated by three conjugate involutions is still very much open. The generation of a simple group by conjugate elements in this context is of some interest. In the present article we study the generation of two sporadic simple groups by conjugate elements.
Suppose that G is a finite group and X ⊆ G. We denote the rank of X in G by rank(G : X), to be the minimum number of elements of X generating G. This paper focuses on the determination of rank(G : X), where X is a conjugacy class of G and G is a sporadic simple group.
Moori in [20] [21] [22] proved that rank(F i 22 : 2A) ∈ {5, 6} and rank(F i 22 : 2B) = rank(F i 22 : 2C) = 3 where 2A, 2B and 2C are the conjugacy classes of involutions of the smallest Fischer group F i 22 as represented in the ATLAS [7] . The work of Hall and Soicher [15] shows that rank(F i 22 : 2A) = 6. Moori [23] determined the ranks of the Janko groups J 1 , J 2 and J 3 . More recently, in [1] [2] [3] 16] , the author with Ibrahim investigated the ranks for the sporadic simple groups HS, McL, Co 1 , Co 2 , Co 3 , Ru, Suz and Th. In the present article we continue our study to determine the ranks for sporadic simple groups and the problem is resolved for the two sporadic simple groups O'N and Ly.
For basic properties of O'N and Ly, character tables of these groups and their maximal subgroups, etc. the reader is referred to [5] [6] [7] 14, 19, 24, [26] [27] [28] . For detailed information about the computational techniques used in this paper, the reader is encouraged to consult [1] [2] [3] 22, 23, 30] .
Next, we discuss some background material and introduce the notation. We adopt the same notation as in the above-mentioned papers. In particular, if G is a finite group, C 1 , C 2 , . . . , C k are the conjugacy classes of G and z is a fixed representative of C k , then G (C 1 , C 2 , . . . , C k ) denotes the number of distinct tuples (g 1 , g 2 , . .
. . , C k ) is the structure constant of G for the conjugacy classes C 1 , C 2 , . . . , C k and can be computed from the character table of G (see [17, p. 45] ) by the following formula:
. . . , B) is obtained by summing over the totality of such classes.
A general conjugacy class of elements of order n in G is denoted by nX. For examples, 2A represents the first conjugacy class of involutions in a group G.
The following results will be crucial in determining the ranks of finite groups. Proof. Assume that G = x, y such that x ∈ lX, y ∈ mY and xy = z ∈ nZ. Let N = x, x y , x y 2 , . . . , x y m−1 . Then
Lemma 1.1 (Moori [23]). Let G be a finite simple group such that G is (lX, mY , nZ)-generated.
Since x y i ∈ lX for all i, the result follows.
Corollary 1.2. Let G be a finite simple group such that G is (lX, mY , nZ)-generated, then rank(G : lX) m.
Proof. Immediately follows from Lemma 1.1.
Lemma 1.3 (Conder et al. [8]). Let G be a simple (2X, mY , nZ)-generated group. Then G is (mY , mY , (nZ)
2 )-generated.
Ranks of the O'Nan group O'N
The O'Nan group O'N is a sporadic simple group of order
The group O'N was discovered by M. O'Nan [24] in 1976 by considering simple groups containing:
• a subgroup 2 3 with normalizer 4 3 .L 3 (2);
• an involution with centralizer 4.L 3 (4).2.
Later, Sims and Andrilli [4] proved the existence and uniqueness of O'N with the help of a computer. It is well known that O'N has exactly 13 conjugacy classes of maximal subgroups as determined by Wilson [28] . O'N has 30 conjugacy classes including a unique conjugacy class of involutions. The group O'N acts on a set of 122760 points and the point stabilizer of this action is isomorphic to L 3 (7) : 2. For basic properties of O'N and other information related to O'N, the reader is encouraged to consult [5, 6, 14, 24, 28] . In this section we compute the rank for each conjugacy class of O'N. It is well known that every sporadic simple group can be generated by three involutions (see [12] ). In the following lemma we prove that the group O'N can be generated by three conjugate involutions a, b, c ∈ 2A such that abc ∈ 31A. Proof. First, we show that for each conjugacy class nX / ∈ {1A, 2A}, the group O'N is (2A, nX, 31A)-generated. As we mentioned earlier, L 2 (31) (two non-conjugate copies) is the only maximal subgroup of O'N which has elements of order 31. Set Hence O'N is (2A, nX, 31A)-generated where nX ∈ T 1 . Next suppose that T 2 = {3A, 4B, 5A, 8A, 8B, 15A, 15B, 16A, 16B, 16C, 16D, 31A, 31B}.
For nX ∈ T 2 , the only maximal subgroup M of O'N, up to isomorphism, that may admit (2A, nX, 31A)-generation is isomorphic to L 2 (31) (two non-conjugate copies). Further, an element of order 31 is contained in a unique conjugate class of each M. Our calculations show that for each nX ∈ T 2 , we have
showing the generation of O'N by the triple (2A, nX, 31A) where nX ∈ T 2 . Applying Lemma 1.3, we obtain that the group O'N is (nX, nX, (31A) 2 )-generated. Hence rank(O'N : nX) = 2 for each nX ∈ T 1 ∪ T 2 . This completes the proof. Now we state the main result of this section.
Theorem 2.4. Let nX be a conjugacy class of group O'N. Then
Proof. Follows from Corollary 2.2 and Lemma 2.3.
Ranks of the Lyons group Ly
The Lyons group Ly is a sporadic simple group of order 51765179004000000 = 2 8 × 3 7 × 5 6 × 7 × 11 × 31 × 37 × 67.
The group Ly was discovered by Lyons in [19] and its existence and uniqueness were proved by Sims [26] . Recently, Gollan [13] proved the existence and uniqueness of Ly independently using the two permutations provided by Cooperman et al. in [9] , while Parker in [25] obtained a new presentation using the Ly-amalgam. The group Ly has 11 conjugacy classes of maximal subgroups as determined by Wilson [29] and listed in the ATLAS. It has 53 conjugacy classes of its elements including a unique conjugacy class of involutions, namely 2A. The group Ly acts on a set of 8835156 points. The point stabilizer of this action is isomorphic to G 2 (5) and the orbits have length 1, 19530, 968750, 2034375 and 5812500. The permutation character of Ly on the cosets of G 2 (5) is given by G 2 (5) = 1a + 45694a + 1534500a + 3028266a + 4226695a.
For more information about the group Ly, the reader is referred to [14, 19, 25, 26] . Next we compute the rank for each conjugacy class nX of Ly. Proof. The fact that the sporadic simple group Ly is a Hurwitz group is given by Wolder [31] . That is, the group Ly is generated by elements x and y with x ∈ 2A, y ∈ 3B such that xy ∈ 7A. Thus, Ly = x, x y , x y 2 and we obtain that rank(Ly : 2A) 3. But the rank(Ly : 2) = 2 is not possible since two involutions cannot generate a sporadic simple group. This concludes that rank(Ly : 2A) = 3.
Lemma 3.2. rank(Ly
Proof. A simple computation reveals that Ly (3A, 3A, tX) < |C Ly (tX)| for each conjugacy class tX of Ly. An application of Lemma 3.3 in [31] shows that Ly is not (3A, 3A, tX)-generated for any tX. Hence rank(Ly : 3A) > 2.
Next we consider the quadruple (3A, 3A, 3A, 67A). From the list of maximal subgroups of Ly given in the ATLAS, we observe that, up to isomorphisms, 67 : 22 is the only maximal subgroup of Ly with order divisible by 67. However, any 67 : 22 subgroup of Ly fails to meet the 3A-class of Ly. Thus no proper subgroup of Ly is (3A, 3A, 3A, 67A)-generated and hence * Ly (3A, 3A, 3A, 67A) = Ly (3A, 3A, 3A, 67A) = 193027.
It follows that Ly is (3A, 3A, 3A, 67A)-generated and we obtain that rank(Ly : 3A) 3. The result now follows as rank(Ly : 3A) > 2. Proof. If nX ∈ {2A, 3A} then rank(Ly : nX) = 3 by the above two lemmas. Darafsheh et al. [11] proved that the group Ly is nX-complementary generated if and only if n 3 and nX = 3A. That is, for any arbitrary non-identity element x ∈ Ly, there exists a y ∈ nX such that Ly x, y where nX / ∈ {1A, 2A, 3A}. Therefore, Ly is (2A, nX, mZ)-generated for nX / ∈ {1A, 2A, 3A} with appropriate mZ. Now applying Lemma 1.3, Ly is (nX, nX, (mZ)
2 )-generated. Hence rank(Ly : nX) = 2 where nX / ∈ {1A, 2A, 3A}. This completes the proof.
